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Abstract 

We give an explicit description of a 1-1 correspondence between Morita 
equivalence classes of, on the one hand, principal 2-group [G — *■ Aut(G')]- 
bundles over Lie groupoids and, on the other hand, G-extensions of Lie 
groupoids (i.e. between [G Aut(G)]-bundles over differentiable stacks 
and G-gerbes over differentiable stacks). We also introduce universal char- 
acteristic classes for 2-group bundles. For groupoid central G-extensions, 
we prove that the universal characteristic classes coincide with the Diximer 
Douady classes that can be computed from connection-type data. 
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1 Introduction 



This paper is devoted to the study of the relation between groupoid G-extensions 
and principal Lie 2-group bundles, and of their characteristic classes. 

A Lie 2-group is a Lie groupoid r2 ^ Ti, whose spaces of objects Ti and of mor- 
phisms r2 are Lie groups and all of whose structure maps are group morphisms. 
A crossed module {G H) is a Lie group morphism G H together with an 
action of on G satisfying suitable compatibility conditions. It is standard that 
Lie 2-groups are in bijection with crossed modules [3l[l2]. In this paper, [G^H] 
denotes the 2-group corresponding to the crossed module {G H). 

Lie 2-groups arise naturally in mathematical physics. For instance, in higher gauge 
theory [213], Lie 2-group bundles provide a well suited framework for describing 
the parallel transport of strings [n[4l[29] . Several recent works have approached the 
concept of bundles with a "structure Lie 2-group" over a manifold from various 
perspectives [IllHEllSl]. Here we take an alternative point of view and give a 
definition of principal Lie 2-group bundles of a global nature (i.e. not resorting 
to a description explicitly involving local charts and cocycles) and which allows 
for the base space to be a Lie groupoid. In other words, we consider 2-group 
principal bundles over differentiable stacks [7]. Our approach immediately leads 
to a natural construction of "universal characteristic classes" for principal 2-group 
bundles. 

Let us start with Lie (l-)groups. A principal G-bundle P over a manifold M 
canonically determines a homotopy class of maps from M to the classifying space 
BG of the group G. In fact, the set of isomorphism classes of G-principal bundles 

over M is in bijection with the set of homotopy classes of maps M — > BG [lH 
[3HI39]. Pulling back the generators of H*{BG) (the universal classes) through 
/, one obtains characteristic classes of the principal bundle P over M. These 
characteristic classes coincide with those obtained from a connection by applying 
the Chern-Weil construction [T71I32] . 

There is an analogue but much less known, differential geometric rather than 
purely topological, point of view: a principal G-bundle over a manifold M can 
be thought of as a "generalized morphism" (in the sense of Hilsum-Skandalis [24] ) 
from the manifold M to the Lie group G both considered as 1-groupoids. To see 
this, recall that a principal G-bundle can be defined as a collection of transition 
functions gij : U-ij — > G on the double intersections of some open covering, satis- 
fying the cocycle condition QijQjk = Qik- These transition functions constitute a 
morphism of groupoids from the Cech groupoid ]J Uij z^\[Ui associated to the 
open covering {Ui}i^i to the Lie group G ^ *. Hence we have a diagram 

(M ^ M) A (JJc/i, ^\lUi)^{G^ *) 

in the category of Lie groupoids and their morphisms whose leftward arrow is a 
Morita equivalence, in other words a generalized morphism from the manifold M 
to the Lie group G. 

This second point of view, or more precisely its generalization to the 2-groupoid 
context, constitutes the foundations on which our approach is built. The general- 
ization of the concept of "generalized morphism" to 2-groupoids is straightforward: 

a generalized morphism of Lie 2-groupoids F A is a diagram F ^ E ^ A 

in the category 2Gpd of Lie 2-groupoids and their morphisms, where (/> is a 
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Morita equivalence (a "smooth" equivalence of 2-groupoids). It is sometimes use- 
ful to think of two Morita equivalent Lie 2-groupoids as two different choices of 
an atlas (or open cover) on the same geometric object (which is a differentiable 
2-stack [TlfTT] ). We define a principal [G i/]-bundle over a Lie groupoid T to be 
a generalized morphism from F to [G H] (up to equivalence). See Section [2^ 

The concept of (geometric) nerve of Lie groupoids extends to the 2-categorical 
context as a functor from the category of Lie 2-groupoids to the category of 
simplicial manifolds [40]. By convention, the cohomology of a 2-groupoid is the 
cohomology of its nerve, which can be computed via a double complex (for in- 
stance, see [20]). Crucially, Morita equivalences induce isomorphisms in coho- 

mology. Therefore, any generalized morphism of 2-groupoids T [G ^ H] 
defining a principal [G ff]-bundle *B over the groupoid T yields a pullback 
homorphism F* : H'{[G H]) ^ H'(T) in cohomology, which is called the 
cohomology characteristic map (characteristic map for short). The cohomology 
classes in H'{[G — > H]) [JH] should be viewed as universal characteristic classes 
and their images by F* as the characteristic classes of 

Lie 2-group principal bundles are closely related to non-abelian gerbes. Ge- 
ometrically, non-abelian G-gerbes over differentiable stacks can be considered 
as groupoid G-extensions modulo Morita equivalence [26]. By a groupoid G- 

extension, we mean a short exact sequence of groupoids l^MxG^f^ 
r — > 1, where M x G is a bundle of groups. Here we establish an explicit 1-1 
correspondence between groupoid G-extensions up to Morita equivalence (i.e. G- 
gerbes over differentiable stacks) and principal [G —i- Aut(G)]-bundles over Lie 
groupoids modulo Morita equivalence (i.e. [G — > Aut(G)]-principal bundles over 
differentiable stacks). This is Theorem 13.41 Note that a restricted version of this 
correspondence is highlighted in [271 Theorem 4]. 

It is known that Giraud's second non abelian cohomology group H'^{X, G) classi- 
fies the G-gerbes over a differentiable stack X [21] while Dedeckers' H^{X, [G —>■ 
Aut(G)]) classifies the principal [G Aut(G)]-bundles [THlfTH] . In [fllfTU]. Breen 
showed that these two cohomology groups are isomorphic. In some sense, our the- 
orem above can be considered as an explicit geometric proof of Breen's theorem 
in the smooth context. Indeed, one of the main motivations behind the present 
paper is the relation between G-extensions and 2-group principal bundles. We be- 
lieve our result throws a bridge between the groupoid extension approach to the 
differential geometry of G-gerbes developed in [26] and the one based on higher 
gauge theory due to Baez-Schreiber [4]. This will be investigated somewhere else. 

An important class of G-extensions is formed by the so called central G-extensions 
[26], those for which the structure 2-group [G — > Aut(G)] reduces to the 2-group 
\Z{G) — > 1] (where Z{G) stands for the center of G). They correspond to G- 
gerbes with trivial band or G-bound gerbes [26]. Each such extension determines 
a principal \Z{G) —>■ l]-bundle over the base groupoid T. In [7], Behrend-Xu 
gave a natural construction associating a class in H^{r) to a central 5^-extension 
of a Lie groupoid F. When the base Lie groupoid is Morita equivalent to a 
smooth manifold (viewed as a trivial 2-groupoid), a central 5^-extension is what 
has been studied by Murray and Hitchin under the name bundle gerbe [251(35] . 
The Behrend-Xu class of a bundle gerbe coincides with its Dixmier-Douady class, 
which can be described by the 3-curvature. In the present paper, we extend 
the construction of Behrend-Xu and define a Dixmier-Douady class DD(q) G 
H^{T) g) Z{q) for any central G-extension, where G is a connected reductive Lie 
group. Since a central G-extension induces a [Z{G) l]-principal bundle over 
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r, there is also a charateristic map H'^{[Z{G) 1]) H'^(T). Dualizing, one 
obtains a class CC,^ G H'^(r) (g) Z{q). We prove that the Dixmier-Douady class 
DD(„) coincides with the characteristic class CC,^. In a certain sense, this is the 
gerbe analogue of the Chern-Weil isomorphism for principal bundles [T71I32] . 

The paper is organized as follows. Section [2] is concerned with generalized mor- 
phisms of Lie 2-groupoids and with 2-group bundles and recalls some standard 
material on Lie 2-groupoids. The main feature of Section [3] is Theorem 13.41 on the 

equivalence of groupoids G-extensions and principal [G — > Aut(G)]-bundles. In 
Section[4]we define the characteristic map/classes of principal Lie 2-group bundles, 
we present the construction of the Dixmier-Douady classes of groupoid central G- 
extensions and we prove that the Dixmier-Douady class of a central G-extension 
coincides with the universal characteristic class of the induced [Z{G) — > l]-bundle 
— see Theorem 14.141 

Note that, when G is discrete, the relation between groupoid G-extensions and 
2-group principal bundles was also independently studied by Haefliger |22| . 

Some of the results of the present paper are related to results announced by Baez 
Stevenson [5]. Recently, Sati, Stasheff and Schreiber have studied characteristic 
classes for 2-group bundles by the mean of Loo-algebras [36]. It would be very 
interesting to relate their construction to ours using integration of Loo-algebras 
as in [T91I23]. 

Acknowledgments The authors are grateful to Andre Haefliger, Jim Stasheff, 
Urs Schreiber and Ping Xu for many useful discussions and suggestions. 



2 Generalized morphisms and principal Lie 2-group 
bundles 



2.1 Lie 2-groupoids, Crossed modules and Morita morphisms 

This section is concerned with Lie 2-groupoids and Morita equivalences. The 
material is rather standard. For instance, see [3Tl[34] for the general theory of 
Lie groupoids and [3l[42] for Lie 2-groupoids. A Lie 2-groupoid is a double Lie 
groupoid 



id 



id 



Ti 



(1) 



in the sense of [12], where the right column Fq : 



id 



id 



Fq denotes the trivial 



groupoid associated to the smooth manifold Fq. It makes sense to use the sym- 
bols s and t to denote the source and target maps of the groupoid F2 ^ Fq since 
s o I = s o u and t ol = t o u. 

Remark 2.1. A Lie 2-groupoid is thus a small 2-category in which all arrows are 
invertible, the sets of objects, 1-arrows and 2-arrows are smooth manifolds, all 
structure maps are smooth and the sources and targets are surjective submersions. 
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In the sequel, the 2-groupoid ([I]) will be denoted r2 I Ti I. Tq . The so 

t 

called vertical (resp. horizontal) multiplication in the groupoid r2 ^ Ti (resp. 
r2 ^ I To ) will be denoted by * (resp. *) 

id s 

Clearly, a Lie groupoid can be seen as a Lie 2-groupoid Ti ? Fi ? Tq . 

id t 

A Lie 2-groupoid where Tq is the one-point space * is known as a Lie 2-group. 

There is a well-known equivalence between Lie 2-groupoids and crossed modules 
of groupoids [12]. A crossed module of groupoids is a morphism of groupoids 

Xi— Ti 
^0 = " To 

which is the identity on the base spaces (i.e. Xq = Tq) and where Xi ^ Xq is 
a family of groups (i.e. source and target maps coincide), together with a right 
action by automorphisms (7, x) ^ x'^ olT on X satisfying: 

p{x^) = 7-^(^)7 V(x,7) G Xi xro Ti, (2) 

^P{y) =y-^ocy V(x, y) G Xi x ro X^ . (3) 

Note that the equalities ([2]) and ([3]) make sense because Xi is a family of groups. 

Example 2.2. Given any Lie group G, we obtain a crossed module by setting 
Ni = G, Ti = Aut(G), Fq = * and p{g) = Adg (the conjugation by g). 

Example 2.3. A Lie groupoid Ti ^ Tq induces a crossed module in the following 
way. Let Sr = {x ^ Ti / s{x) = t{x)} be the set of closed loops in Ti. Then Sr 
is a family of groups over Tq and Ti acts by conjugation on Sr- Therefore, we 
obtain a crossed module 

— Ti 
To — ^ To 

where i is the inclusion map. 

is 

A 2-groupoid r2 s Ti Tq determines a crossed module of groupoids 

^ t 

(G ^ H) as follows. Here H = Ti^ Tq, Gi = {g ^ ^2\l{g) G Tq C Ti}, p{g) = 
u{g) and the action of Hi = Ti on Gi C r2 is by conjugation. More precisely, if 

I , 

Ih is the unit over an object h in the groupoid r2 ^ 5. Fi , then g = l/^-i *g*lh. 
Conversely, given a crossed module of groupoids X -^T, one gets a Lie 2-groupoid 

I s 

Xi x Fi I Fi I Tq , where Xi x Fi ^ Fi is the transformation groupoid 

^ t 

and Xi X Fi =^ Fq is the semi-direct product of groupoids. More precisely, for all 
X, x' G Xi and 7,7' G Fi, the structures maps are defined by 

/(x,7)=7, {x',-f')*{x,-f) = (x'x'^' ,77), 

n(x, 7) = p{x)-f, [x', p{x)j) ★ (x, 7) = {x'x, 7). 
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In the sequel, we will denote the Lie 2-groupoid associated to the crossed module 
{G^H) by [G^H]. 



Example 2.4. The crossed module of groups {G Aut(G)) yields the 2-group 
G X Aut(G) I Aut(G) I * with structure maps 



(gi, Adg2 oip2) ★ (92,^2) = (9192,^2) 
{91,^1) * {92, V2) = {9Wi{92), ° V2) 



A (strict) morphism F — > A of Lie 2-groupoids is a triple {(pQ, (pi, (f)2) of smooth 
maps (pi -.Ti ^ Aj {i = 0, 1,2) commuting with all structure maps. Morphisms 
of crossed modules are defined similarly. 

Let A be a Lie 2-groupoid. Given a surjective submersion / : M — s- Aq, we can 

I s 

form the pullback Lie 2-groupoid A[M] : A2[M] Ai[Af] j M , where 



A^M] = {(m,7,n) G M x A^ x M s.t. 5(7) = /M, t{-f) = /(n)}. 



1,2. 



The maps s, t are the projections on the first and last factor respectively. The 
maps u,l, the horizontal and vertical multiplications are induced by the ones on 
A as follows: 



u{m,^,n) = (m, u(7),n), 



{m.,-f,n) * (n,7',p) = (771,7 * l',P), 
(m, 7, n) -k (m, 7', n) = (m, 7 ★ 7', n). 



There is a natural map of groupoids A[M] A defined by m 1-^ /("i) and 
(m, 7, n) I— > 7. 

Pullback of 2-groupoids yield a convenient definition of Morita morphism of Lie 
2-groupoids. 

Definition 2.5. A morphism of Lie 2-groupoids F A is a Morita morphism 
if (p is the composition of two morphisms 



A2[ro 



Fi -Ai[ro] -Ai 



id 



Fo^^Ao 



such that F( 







Aq and Fi — > Ai[Fo] are surjective submersions and 
F2 -A2[Fo] 



Ai[Fo] 



is a Morita morphism, of 1-groupoids. 
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The (weakest) equivalence relation generated by the Morita morphism is called 
Morita equivalence. More precisely, two Lie 2-groupoids T and A are Morita 
equivalent if there exists a finite collection Eq, Ei, . . . , E„ of Lie 2-groupoids with 
Eq = r and E„ = A, and, for each i G {!,••• ,n}, either a Morita morphism 
Ej_i — > Ej or a Morita morphism E, — > Ej_i. In fact, by Lemma r2.12r d). one 
has the following well-known lemma. 

Lemma 2.6. // T and A are Morita equivalent, there exits a chain of Morita 
morphisms F <— E ^ A of length 2 in between T and A. 

Remark 2.7. In the categorical point of view, a Morita morphism cj) : T ^ A. is 
in particular a 2-equivalence of 2-categories preserving the smooth structures. 

Remark 2.8. Similar to [7], one can define differentiable 2-stacks. Two Lie 2- 
groupoids define the same differentiable 2-stack if, and only if, they are Morita 
equivalent. In fact a Lie 2-groupoid can be thought of as a choice of a differentiable 
atlas on a differentiable 2-stack. 



2.2 Generalized morphisms of Lie 2-groupoids 

Generalized morphisms of Lie 2-groupoids are a straightforward generalization of 
generalized morphisms of Lie (l-)groupoids [2l],[3l]. They also have been consid- 
ered in [42]. Let 2Gpd denote the category of Lie 2-groupoids and morphisms of 
Lie 2-groupoids. A generalized morphism F is a zigzag 

r A El ^ . . . A E„ ^ A, 

where all leftward arrows are Morita morphisms. We use a squig arrow F : 
r A to denote a generalized morphism. The composition of two generalized 
morphisms is defined by the concatenation of two zigzags. In fact we are interested 
in equivalence classes of generalized morphisms: 

In the sequel, we will consider two morphisms of 2-groupoids / : T — > A and 
: r — > A to be equivalent if there exists two smooth applications 99 : Fq — > Ai 
and ip : Ti ^ A2 such that, for any x G T2 and any pair of composable arrows 
i,j € Fi, the following relations are satisfied: 

i92{x) * l^{s{x))) * i^iK^)) = 4^{u{x)) -k {l^(t{x)) * f2{x)) , (4) 

i^{3*i) = (Vo-) * * (^(i) * (5) 

In other words, / and g are "conjugate" by a (invertible) map ip compatible with 
the horizontal multiplication. 

It is easy to check that the conditions ([4]) and ([5|) are equivalent to the data 
of a natural 2-transformation from f to g [HI [30]. Recall that a natural 2- 
transformation is given by the following data: an arrow ip{m) G Ai for each 
object m £ Fq, and a 2-arrow tp{'y) G A2 for each arrow 7 G Fi as in the diagram 

fisU)f-^9isU)) 



.m 



9{j) 



and satisfying obvious compatibility conditions with respect to the compositions 
of arrows and 2- arrows. 
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We now introduce the notion of equivalence of generalized morphisms; it is the 
natural equivalence relation on generalized morphism extending the equivalence 
of groupoids morphisms. Namely, we consider the weakest equivalence relation 
satisfying the following three properties: 

(a) If there exists a natural transformation between a pair /, g of homomor- 
phisms of 2-groupoids, / and g are equivalent as generalized morphisms. 

(b) If r A is a Morita morphism of 2-groupoids, the generalized morphisms 

A ^ r ^ A and r ^ A ^ r are equivalent to A ^ A and T ^ T, 

respectively. 

(c) Pre- and post-composition with a third generalized morphism preserves the 
equivalence. 

Example 2.9. Let Fi : T Ei ^ A and F2 : T ^ E2 ^ A be two 

generalized morphisms. Suppose that there exists a morphism Ei E2 such 
that the diagram 

J. -^1 f 



E 



h 



commutes up to 2-transformations. Then Fi and F2 are equivalent generalized 
morphisms. 

Example 2.10. By its very definition, a Morita equivalence of groupoids T < — 
El — > . . . < — E„ — > A defines two generalized morphisms F : F -w A and 
G : A ~^ r. The compositions F o G and G o F are both equivalent to the 
identity. Furthermore, the equivalence classes of F and G are independent of the 
choice of the Morita equivalence. 

Remark 2.11. Roughly speaking, generalized morphisms are obtained by for- 
mally inverting the Morita morphisms. In fact, the following Lemma is easy to 
check. 

Lemma 2.12. The collection M. of all Morita morphisms of 2-groupoids is a left 
multiplicative system [281 Definition 7.1.5;[1T1 Definition 10.3.4] in 2Gpd. Indeed, 
the following properties hold: 

(a) (r ^ r) G X, Vr G 2Gpd; 



(h) M. is closed under composition; 

given F ^ A ^ E m, 2Gpc 
2Gpd with tp & M. such that 



(c) given T ^ A. ^ 'E in 2Gpd with (p £ -M., there exists F 4^ Z E m 



E 



commutes; 

(d) given F — A I E in 2Gpd with 4> ^ M., f °<P = 9°4> implies f = g. 
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Since M is a left multiplicative system in the category 2Gpd, we can consider the 
localization 2Gpdj^ of 2Gpd with respect toM^ Chapter 7;[41l Section 10.3]. 
This new category 2Gpd_yy^ has the same objects as 2Gpd but its arrows are 
equivalence classes of generalized morphisms. An isomorphism in 2Gpd^ corre- 
sponds to (the equivalence class of) a Morita equivalence in 2Gpd. 

Lemma l2.12r C) implies that any generahzed morphism can be represented by a 
chain of length 2: 

Lemma 2.13. Any generalized morphism between two Lie 2-groupoids T and A 
is equivalent to a diagram 

r^E A A 

in the category 2Gpd such that 4> is a Morita morphism (i.e. (j) £ M). 

Remark 2.14. There is a bijection between maps of differentiable 2-stacks and 
equivalence classes of generalized morphisms of Lie 2-groupoids up to Morita 
equivalences. 

2.3 2-group bundles 

In this section, we give a definition of 2-group bundles of a global nature and 
formulated in terms of generalized morphisms of Lie 2-groupoids. 

Definition 2.15. A principal (2-group) [G H]-bundle over a Lie groupoid 
Ti z4 Tq is a generalized morphism *B from Ti ^ Fq (seen as a Lie 2-groupoid) 
to the 2-group [G H] associated to the crossed module (G H) . 

In particular, a principal [G —i- Aut(G)]-bundle over a groupoid Fi ^ Tq is 
a generalized morphism from Ti ^ Tq (seen as a 2-groupoid) to the 2-group 
[G^ Aut(G)]. 

Two principal [G ff]-bundles *B and !B' over the groupoid Fi ^ Tq are said to 
be isomorphic if, and only if, these two generalized morphisms are equivalent. 

A [G — > i7]-bundle over a manifold AI is a (2-group) [G — > i/]-bundle over the 
groupoid M ^ M. 

Let 03 be a [G — > i/]-bundle over a Lie groupoid Fi ^ Tq. If F'^ ^ Fq and 
[G' H'] are Morita equivalent to Fi ^ Tq and [G H] respectively, then the 
composition 

(f; ^ T'q) ^ (Fi ^ Fo) ^ [G^H]^ [G' ^ H']. 

defines a principal [G' if'] -bundle over F'^ ^ Fq denoted *B by abuse of no- 
tation. Here the left and right squig arrows are the Morita equivalences seens as 
invertible generalized morphisms as in Example 12.101 

Definition 2.16. A principal (2-group) [G H]-bundle OS over a Lie groupoid 
Fi ^ Fq and a principal (2-group) [G' — > H']-bundle *B' over a Lie groupoid 
T'l ^ Fq are said to be Morita equivalent if, and only if, !B (viewed as a generalized 
morphism (T[ ^ Fq) [G' — s- H']) and 53' are equivalent generalized morphisms. 

In particular, if 53 and 53' are Morita equivalent, Fi ^ Tq and [G — > H] are 
Morita equivalent to F'^ ^ Fq and [G' — > H'] respectively. 
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Remark 2.17. When the groupoid is just a manifold, our dehnition is equivalent 
to the usual deRnition of 2-group bundles in [4ll6l[36] as suggested by Exanaples \2.1^ 
and\2lE below. 

Example 2.18. Let P ^ M be a principal H-bundle. Then the diagram 



M- 



M 



M 



PxmP 



PxmP- 

t S 

P 



H 



H 



where s(x, y) = x, t{x, y) = y, 'k{x) = (j){x, y) = TT{y) and x ■ f{x, y) = y, defines a 
generalized morphism from the manifold M and to the 2-group [1 ^ H]. Hence, 
it is a 2-group bundle over M. Note that a principal H-bundle P over M is 
Morita equivalent (as a 2-group bundle) to a principal H' -bundle P' over M' if, 
and only if, H and M are isomorphic to H' and M' respectively and P and P' 
are isomorphic principal bundles. 

Example 2.19. Let M be a smooth manifold and G be a (non abelian) Lie 
group. A non abelian 2-cocycle [TH[T6j[2Tl[33] on M with values in G relative to 
an open covering {Ui}^^j of M is a collection of smooth maps 



Xij : Uij 



Aut(G) and gijk : Uijk G 



satisfying the following relations: 



gijWjkl = Qikl^kl ^9ijk) ■ 

Such a non abelian 2-cocycle defines a [G ^ Aut{G)]-bundle over the manifold 
M; for it can be seen as the generalized morphism 



M- 



Ui,j Uij xGxG -L^ G K Aut(G) 



M 



Aut(G) 



between the manifold M and the 2-group [G Aut(G)]. Here 



l{xij, 91,92) = {xij,9i) 

u{Xij, 91,92) = {Xij,92) 



(t>{xij,9) = X 
f{xij, 91,92) -- 



{9291 \ Adgj oXij(x)) 



where Xij denotes a point x £ M seen as a point of the open subset Uij = UiCi Uj, 
Xi the point x € M seen as a point of the open subset Ui, and 9,91,92 arbitrary 
elements of G. The horizontal and vertical multiplication are given by 

{xij,a) * {xjk,/3) = {xik,9ijk>^Jk{a)/3), 
{xij, 91,92) * {xij,92,9z) = (xij, 91,93). 
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Example 2.20. Let {Ui}^^j be an open covering of a smooth manifold M. A 
family of smooth maps Qijk ■ Uijk —>■ defines a Lie groupoid structure on 
\li j ^ij ^ with multiplication 

if, and only if, gijk is a Cech 2-cocycle. In that case, we get the generalized 
morphism of 2-groupoids 

u I 

M Wi * 

with f{xij,e^'^,e^^) = e^^^-^\ It defines an [S^ *]-bundle over M. 

Remark 2.21. There is a nerve functor from Lie 2-groupoids to simplicial spaces 
generalizing the nerve for Lie 1-groupoids. For instance, see [T3l[37l|40] and Sec- 
tion \4.1\ below. Composing with (fat) realization functor, we obtain the classifying 
space functor T — > BT from Lie 2-groupoids to topological spaces. Since the real- 
ization of a Morita morphism is an homotopy equivalence, a generalized morphism 
F BF ' 

r ~^ A induces a map B T > B A in the homotopy category of topological 

spaces. In particular, a [G — > H]-group bundle over a manifold induces a map 
M ^ B[G ^ H] in the homotopy category. This is the topological side of gen- 
eralized morphism and 2-group bundles. In fact, using standards arguments on 
homotopy for manifolds, it should be possible to prove that [G H]-group bun- 
dles over r (up to Morita equivalences) are in bijection with homotopy classes of 
maps BT ^ B[G ^ H]. 



3 Groupoid G-extensions 

We fix a Lie group G. 

Definition 3.1. A Lie groupoid G-extension is a short exact sequence of Lie 
groupoids over the identity map on the unit space M 

l^MxG^f^T^l (6) 

Here both T and T are Lie groupoids over M and M xG ^ M is a (trivial) bundle 
of groups. 

In the sequel, an extension like ([6]) will be denoted f F ^ M and we will write 
gm instead oii{m,g). 

In terms of crossed modules, Lie groupoid G-extensions can be seen as follows. 

Proposition 3.2. The morphism of groupoids T ^ T ^ M is a groupoid G- 

extension if, and only if, [M x G ^ T) is a crossed module of groupoids with 
quotient groupoid T/i{M x G) isomorphic to T. 
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The proof of Proposition follows easily from Remark 13.71 and Lemma \3M below. 
Definition 3.3 ([26]). A homomorphism of Lie groupoid G-extensions 






f 

is a Morita morphism if M N is a surjective submersion and 



and 



are Morita morphisms of 1-groupoids. 

As in the Lie 2-groupoid case, the Morita morphisms of Lie groupoid extensions 
form a left multiplicative system in the category of Lie groupoid extensions and 
homomorphisms of Lie groupoid extensions. Hence, one can localize this category 
by its Morita morphisms. Two Lie groupoid extensions are Morita equivalent if 
they are isomorphic in the localized category. (As in the Lie 2-groupoids case, 
there is a notion of generalized morphisms for Lie groupoid extensions. In that 
language, a Morita equivalence is an invertible generalized morphism.) 

Here is our first main theorem. 

Theorem 3.4. There exists a bijection between the Morita equivalence classes of 
Lie groupoid G-extensions and the Morita equivalence classes of [G — > Aut(G)]- 
bundles over Lie groupoids. 

Remark 3.5. The above theorem can he regarded as a geometric version of a 
theorem of Breen [9], which states that H'^{X,G) is isomorphic to H^{X, {G —>■ 
Aut(G))). 

The proof of Theorem 13.41 is the object of the next two sections. 



3.1 From groupoid G-extensions to [G Aut(G')]-bundles 



Given a Lie groupoid G-extension p 



: M , one can define a Lie 2- 



groupoid f xr f 



: M , where 



f xrf = {(71,72) ef xf|,^(7i) = 0(72)} 

^71)72) =72 n(7i,72)=7i 
^7) = a{m) m = K^il)) 

(71,72) * (72, 73) = (71,73) 
(71,72) * [hM) = (71 • '^1,72 • ^2). 



Here • stands for the multiplication in F ^ M . 
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The groupoid homomorphism (f) naturally induces a Morita morphism of 2-groupoids: 



r xrT- 



f- 



id 



id 



(7) 



M- 



id 



■M 



id 



: M is simply the groupoid F : 



M seen 



where the 2-groupoid F : 

id t t 

as a 2-groupoid in the trivial way. 

Consider the map F — > Aut(G) : 7 1— > Ad;^ defined by ( Ad^ 5')t(7) ~ l'9s{^) '1' 
It gives a morphism of Lie groupoids 



f Aut(G) 



M 



(8) 



which, together with the map 

f xrf^GKAut(G) : (71, 72)^(5, Ad^J, 
where 7172^^ = 5't(7i), defines a homomorphism of Lie 2-groupoids 

i Xr 1 — 

G K Aut(G) 



f ^Aut(G) 



(9) 



M 



Remark 3.6. JVote that the induced map 

i Xr 1 — 

G K Aut(G) 
^Aut(G) 



is a fully faithful functor. 

Remark 3.7. In terms of crossed modules, the above discussion goes as fol- 

lows. The extension 1— >MxG— >F— >F— >1 leads to an action of F on 
the groupoid M x G ^ M by conjugation, i.e. via the map 7 1— > Ad^. Then 



F XrF: 



M is the Lie 2-groupoid corresponding to the crossed mod- 



ule (M X G f). The projection onto the first factor M x G ^ M and 
the morphism 4> : F ^ T induce the Morita equivalence of crossed modules 
(M X G ^ F) ^ (M F) corresponding to the map Moreover, the map 

Ad : f Aut(G) yields the map of crossed modules (M x G ^ f ) '•'Ir^-' (^Q 
Aut(G)) corresponding to the morphism of Lie 2-groupoids ([9]). 
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Proposition 3.8. (a) A Lie groupoid G-extension T ^ T ^ M induces a prin- 
cipal [G Aut{G)]-bundle over T ^ M , which can be described explicitely 
by the following generalized morphism: 



G K Aut(G) 




Aut(G) 



(b) IfT^T^M and A ^ A ^ are Morita equivalent G -extensions, then 
the corresponding 2-group bundles are Morita equivalent. 

Proof. Claim (a) follows from the above discussion. Suppose given a Morita 
morphism of G-extensions 



M 



f\ f\ f\ 
A ^ A N. 

Since / commutes with the F and A-actions on G, there is a commutative diagram 
[M ^ r] [M X G ^ f] \g ^ Aut(G)] 



(/,/) 



(/XP2,/) 



'tP2,Ad) 



[N A] [AT X G ^ A] 
Now, claim (b) follows from Example 12.91 



□ 



3.2 From [G Aut(G')]-bundles to groupoid G-extensions 
Lemma 3.9. Let 

A2^r2 

A.^ 



"t J, 

Ao^ro 

be a Morita morphism of 2-groupoids. And let 



L 

j 

Ai 



be the induced map of crossed modules. Then <j) maps i ^(l-m) onto j 
bijectively and induces a functor from the groupoid to the groupoid jj^, which 
is fully faithful and surjective on the objects. 
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The crossed modules [1 — > -^y] and [1 — > are usually called the cokernel of 
the crossed modules [L ^ Ai] and [K Fi] respectively. 

Proposition 3.10. (a) A [G ^ kvLi{G)]-hundle over a Lie groupoid T ^ Tq 
induces a Lie groupoid G-extension. 

(b) Morita equivalent [G — > Aut{G)]-bundles induce Morita equivalent exten- 
sions. 



Proof, (a) Suppose the [G 
phism of 2-groupoids 



Aut(G)]-bundle is given by the generalized mor- 



G K Aut(G) 




Ai ^Aut(G) 



and let 



-L- 

3 

Ai 



/ 



G 

Ad 

Aut(G) 



be the induced map of crossed modules. Since is a Morita morphism and Fq — > T 
is an injection, by Lemma [3Jl L ^ Ai is also injective and 



m 



An 



i(ro) 



is a fully faithful functor. Since Aq — + Fq is a surjective submersion and 



IS 



diffeomorphic to F, we obtain a Morita morphism of Lie 1-groupoids from =| Aq 
to F =1 Fq, where H is, by definition, the smooth manifold The bundle of 

groups L can be embedded into Ai x G as a "normal" subgroupoid using the map 
/ 1-^ {j{l),f{l)). The quotient (by j{L)) H —>■ H ^ Aq of the trivial extension 
Ai X G ^ Ai =^ Aq is a G-extension of groupoids. Note that its corresponding 
crossed module is (Aq x G — > H). (b) It is sufficient to check that for any diagram 



4>2 



E 








e 


[G 






F 



Ad 



commuting up to natural 2- equivalences, the G-extension corresponding to the 
lower and upper generalized morphism are Morita equivalent. Since (^2 are 
Morita equivalence, e is also Morita equivalence. Therefore, by Lemma [2.131 we 
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can assume that e is a Morita morphism. Then, denoting by {K — > E) and 
{L F) the crossed modules corresponding to E and F respectively, the map e 
induces a commutative diagram 

El X j G ^ El ? Eq 

(e,id) e e 

Fi x,(i)G ^Fi^^Fo 

which is a Morita equivalence of extensions by Lemma I3.9[ □ 

3.3 Proof of Theorem ISTil 

It remains to prove that the constructions of Section 13.11 and Section 13.21 are 
inverse of each other. 

Suppose that a [G — > Aut(G)]-principal bundle *B is given by the generalized 

morphism T ^ A ^ [G ^ Aut(G)]. Let ^ ^ if ^ Aq be the induced G- 
principal extension. As in the proof of Proposition l3.10l we denote (L — > Ai) the 
crossed module corresponding to A. Then, the crossed module corresponding to 
^ is (Ao X G ^ H). 

Therefore, we have the following commutative diagram of crossed modules: 
(To ^ r) ^ ^ (L ^ Ai) (G ^ Aut(G)) 




(Ao ^ H) (Ao X G ^ H) 

It follows that the generalized morphism 

[To ^ r] ^ [L ^ Ai] ^ [G ^ Aut(G)] 

we started from is equivalent to the generalized morphism 

[To ^ r] 4^ [Ao X G ^ ^ [G ^ Aut(G)] 

associated to the G-extension H ^ H ^ Aq. Hence they represent the same 
(G Aut(G))-bundle over T ^ Fq. 

Reciprocally, if T — > F ^ M is G-extension, then the associated principal [G 
Aut(G)]-bundle is given by the generalized morphism 

[M ^ F] / [M X G ^ f] [G ^ Aut(G)] (10) 

according to Remark [3. 71 Direct inspection of the proof of Proposition 13.101 shows 
that the G-extension induced by the generalized morphism (fTO]l is F — > F =| M. 

4 Universal characteristic maps and Dixmier-Douady 
classes 

4.1 Cohomology of Lie 2-groupoids 

As in the case of groupoids, associated to a Lie 2-groupoid F2 =1 Fi =^ Fq, 
there is a simplicial manifold N, F, called its (geometric) nerve. It is the nerve 
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of the underlying 2-category as defined by Street |40]. In particular, A'^qT = Fq, 
A^i r = Fi, A^2 r is a submanifold of r2 x Fi x Fi x Fi parameterizing the 2-arrows 
of F2 fitting in a commutative triangle 




Aq ^A2 

Jl 

and A^3 r is a submanifold of (F2)^ x (Fi)^ parameterizing the commutative tetra- 
hedra like 



^3 




with faces given by elements of A''2F. By the commutativity of the tetrahedron 
(fT2]l . we mean that (a3*/oi)*ai = (/23 * 00)1*^02 • For p > 3, A'^F is the manifold 
of all p-simplices such that each subsimplex of dimension 3 is a tetrahedron of 
the form (fT2]l above [T8j|40]. The nerve of a Lie groupoid considered as a Lie 
2-groupoid is isomorphic to its usual (l-)nerve [37]. The nerve A'^, defines a func- 
tor from the category of Lie 2-groupoids to the category of simplicial manifolds. 
Taking the fat realization of the nerve defines a functor from Lie 2-groupoids to 
topological spaces. 

The de Rham cohomology groups of a Lie 2-groupoid F are defined to be the 
cohomology groups of the bicomplex (Q*(A^. T),dj)R,d), where d^R '■ i^^{NqT) — > 
OP+i(iVq r) is the de Rham differential and d : nP{Nq T) nP{Ng+i F) is defined 
hy d = l-l)P Y^t=oi-iyd*, where di : Ng+i T ^ NgT denotes the i^^ face map. 
We use the shorter notation Q*ot(r) for the associated total complex. Hence 
^tot(r) = 0p+g=„ ^^^(A^g F) with (total) differential doR + d. We denote the 
subspaces of cocycles and coboundaries by Z^^(F) and i?^^(r) respectively, and 
the cohomology of F by H'{T). 

Lemma 4.1. Let F : T ^ A. be a Morita morphism of Lie 2-groupoids. Then 
F* : H'{A.) H'{T) is an isomorphism. 

Proof. It is well-known that a natural transformation between two 2-functors / 
and g from F to A induces a simplicial homotopy between : A^.(F) —i- N.{A.) 
and g^: : A^.(F) — > A^.(A), for instance see [TU Proposition 4]. In particular 
equivalent 2-categories have homotopic nerves. The result follows since a Morita 
morphism is an equivalence of 2-categories. □ 

By Lemma [4 . 1 1 ab ove . a generalized morphism F : F <^ Ei . . . E„ A 
induces a pullback map in cohomology 

F* : H'{A) ^ H'iBn) . . . ^ ^'(Ei) H'{r) 

Clearly, {F o G)* = G* o F* and, if F is a Morita equivalence, then F* is an 
isomorphism. 
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Lemma 4.2. If F and G are equivalent generalized morphisms from T to A, the 
maps F* and G* , which they induce at the cohomology level, are equal. 

Proof. A natural transformation between two 2-functors / and g from F to A 
induces a simplicial homotopy between /* : N,(T) — > N,{A.) and g^ : N,{T) — 
A^.(A) (see |13j). Therefore the lemma follows from the definition of equivalence 
of generalized morphisms and Lemma 14.11 □ 

/ s 

Remark 4.3. JVote that, for a Lie groupoid T : T2 > Ti j Tr, , N2T may 

u t 

he identified to T2 Xs,ro,t Ti so that the face maps take the form 

do : N2T ^ NiT : {a, c) ^ u{a) 
di : N2T ^ NiT : {a, c) ^ l{a)c 
d2 : N2T ^ NiT : {a,c) ^ c 

4.2 Cohomology characteristic map for 2-group bundles 

Fix a crossed module G ^ H and let *B be a principal [G — > //]-bundle over 
r. In this section we construct a universal characteristic homomorphism CCsb : 
H'{[G ^ if]) — 5- H'{r) generalizing the usual characteristic classes of a principal 
bundle. 

By definition, *B is a generalized morphism F ~^ [G — > if] . Therefore, passing to 
cohomology, we obtain the homomorphism 

CC^s : H'{[G ^ H]) ^ H'{T) (13) 

which we call the characteristic homomorphism of the [G i/]-bundle !B. It 
depends only on the isomorphism class of the 2-group bundle. 

Proposition 4.4. // 53 and *B' are isomorphic [G H]-bundles over T, then 
CC<s = CC«B' : H'{[G H]) H'iT). 

Proof. It is an immediate consequence of Lemma 14.11 since isomorphic principal 
2-group bundles are equivalent as generalized morphisms. □ 

Remark 4.5. By analogy with the case of principal bundles, one can think of 
the elements of H'([G H]) as universal characteristic classes and their images 
in H'{T) by CCf^ as characteristic classes of the [G H]-bundle over F. 

Example 4.6. Let P ^ M be a principal H-bundle. Then, by Example \2.18l P 
induces a structure of [1 H]-bundle over M. Since H'{[1 H]) = H'{BH), 
the characteristic map CCp of this bundle coincides with the classical map 
H'{BH) —I- H'{M) induced by the principal H-bundle structure on P. In 
particular, for a compact Lie group H, the characteristic map coincides with the 
Chern-Weil map S'(P|*)'' H'{M) induced by the choice of a connection for P. 

F 4> 
Let F A be a generalized morphism of Lie (l-)groupoids and let *B : A < — 

E ^ [G ^ iJ] be a 2-group bundle with base A. The pullback F*(<B) of the 
[G — >• if]-bundle *B from A to F by F is the composition *B o F of the two 
generalized morphisms. It is a principal [G — > ii] -bundle over F. 
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The Whitney sum of two 2-group bundles is defined as follows. Let *B : F < — 

E ^ [G ^ and !B' : r 4^ E' A [C H'] be two 2-group bundles over the 

same base T. Let F be the "fiber product" 2-groupoid E2 -£"2 — ^ -^1 E[ ^ 
£"0 X To with the obvious structure mapss(e,e') = (s(e), s(e')), {x,x')*{y,y') = 
{x*x' ,y*y') and so on. The Whitney sum *B©!B' is the [GxC ^ H x iJ']-bundle 

over F given by the generalized morphism F <'^^'^ F > [G x G' ^ H x H']. 

By Proposition 14.41 we obtain 

Corollary 4.7. (a) CCf*{^) = F* o CC<8. 

(b) CC(B®(B' = A* o (CCqs X CC(g/), where A : F ^ F x F zs the diagonal map 
and X is the cross-product H'{[G ^ H])®H'{[G' ^ H']) ^ H' {[G x G' ^ 
H X H']). 

Remark 4.8. By Proposition \3.8\ a Lie groupoid G-extension f F ^ M 
induces a principal [G — > Aut(G)]-bundJe 55^ over the groupoid F ^ M. Hence we 

obtain the universal characteristic map CC^g^ : H'{[G Aut(G)]) H'(T). 

Unfortunately, the cohomology H' {[G Aut(G)]) is not known when the center 
of G is large and it is trivial when the center of G is of dimension less than 3 [20] . 
Therefore one cannot have much hope of getting interesting characteristic classes 
except for extensions whose structure 2-group can be reduced. Indeed, this is the 
object of the next Section. 



4.3 DD classes for groupoid central G-extensions 

Let f F =1 M be a G-extension of Lie groupoids. Let 4>' denote the factoriza- 
tion of the morphism (j) through the projection g : F — > T/Z{G): 




f/Z{G) 

The extension cp is said to be central [26] if there exists a section a : T ^ T/Z{G) 
of (f)' such that 

xg = gx Vxer'^F)), (14) 

In this case, the subspace F' = q~^(^a{r)^ of F is a central Z(G)-extension of 
M. 

Given 7 G F, there exists x £ T' such that (l){x) = 0(7). Thus there exists k £ G 
such that 7 = X • A;. Given 7, both x and k are uniquely determined up to an 
element of Z{G). Defining a homomorphism of Lie groupoids r : F ^ GjZiG) by 
the relation 5(7) = c7((/)(7))r(7), we obtain that, for any g £ G, 

57 = gxk = xgk = xk ■ k^^gk = jg^^'^^ 

where g^^"'^ denotes the conjugate k^^gk of g by any element k £ G such that 
kZ{G) =r(7). 
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Proposition 4.9. Let T T ^ M be a G-extension of a Lie groupoid T and 
let !B denote the corresponding [G — > Kvii{G)\-hundle. The extension is central 
if, and only if, the [G Aut(G)] -6?mc?/e 53 reduces to a principal [Z{G) ^ 1]- 
hundle, i.e. there exists a generalized morphism : T — > [Z(G) — > 1] such 
that 

r [G ^ Aut(G)] 
[Z{G) ^ *] 

is commutative up to equivalence. 

Proof. Let f F =^ M be a central G-extension. The corresponding 2-group 
bundle 53 is the generalized morphism [M ^ F] [M x G A f ] ^ [G 
Aut(G)], see Proposition 13.81 and Remark l3.7[ Let r : F' — > F be the inclusion 

map. The Z(G)-extension defines the crossed module [M x Z{G) ^ T'] and we 
have a commutative diagram 

[M ^ F] ^ [A/ X G ^ f] [G ^ Aut(G)] 

(15) 

[M X Z{G) ^ t'] [Z{G) ^ 1] 

Note that the right square in (fTSl) is commutative because the extension is central. 
Diagram ([T5]l implies that the 2-group bundle 53 reduces. 

Reciprocally, assume 53 reduces. By Proposition l3.1Q[ (b). passing to a Morita 
equivalent groupoid, we can assume that the G-extension is the extension corre- 

sponding to the generalized morphism F [Z{G) — > 1] [G — > Aut(G)]. If 
Z*B is the generalized morphism [M ^ F] [M x L ^ A] -> [Z{G) ^ 1], it 
follows from Section 13.21 that F ^ F =| M is the extension F ^ F ^ M, where 
F = (A x i Z{G)) Xz(G) G. Since the map A Aut(G) is trivial, Ad;j; is trivial 
for all 7 € F. Therefore, the extension is central. □ 

Remark 4.10. If G is a reductive Lie group, its Lie algebra q decomposes as 
a direct sum q = Z{q) © m of ideals, where Z{q) is the center of q. In the 
sequel, the symbol pr will denote the induced projection g Z{g), which is a 
homomorphism of Lie algebras and maps [q, q] onto 0. Moreover, if G is connected, 
this direct sum decomposition is not only adz(^g)-invariant but also Adc-invariant 
and, consequently, pro Ad^ = pr for all g & G. Moreover, for any g & G and any 
smooth path t ^ ft in G with fo = l and ^/tlg = ^ Q, one has 

{ift~'9ft9~\) = pr(Ad,^ - = pr(0 " wiO = (16) 

Proposition 4.11. Let T ^ T ^ M be a central G-extension with G connected 
and reductive. Let a € J7^(r,0) be a connection 1-form for the right principal 

G-bundle f F. 

(a) Then there exists Qa G Z^j^{r,, Z{q)) such that pr (da -|- da) = (p*{Qa)- 

(b) Moreover, if ai and a2 are two different connection 1- forms as above, then 

na,-na,eBl^{r.,ziQ)). 
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We ca// DD(„) := [Qa] £ H"^ (X) (Si Z (q) the Dixmier-Douady class of the G-central 
extension. 

Proof, (a) Being a connection 1-form, a € f2^(r, fl) enjoys the following two prop- 
erties: 

R*ga = Adg-i oa, \/g G G 

Given any ^ € and any G-invariant vector field v G ^(r), we get 

da{^, v) = i{a{v)) - f (a(0) - v]) = i{a{v)) - v{^) - a{C^v) 

= C^(ya{v)) = — ad^ ('^(f^)) 

since the vector field v is G-invariant and the function a{v) is G-equivariant. It 
follows that proda(^,i;) = pr[a(i;),^] = since pr[g,g] = 0. Moreover, we have 

R*{da) = d{R*a) = d{Adg-i oa) = Ad^-i oda 

for all g € G. Therefore, by Remark [4?T0l the 2-form proda G $7^(f,Z(0)) is 
basic; there exists lo G ^"^{T, Z{q)) such that pr oda = (f)*io. 

Consider 

f2 = f x,,r,tf = {(x,y) Gfxf|s(x) =t(y)}, 
the three face maps 

pi(x,y)=x m{x,y) = x-y V2{x,y) = y 
from r2 to r and the action of G x G on r2 given by 

(a;,y)^^'''^ = {xgs(x),yhs(y))- 

Then we have 

pr oda = d{pr oa) = P2(pi' ~ ?7i*(pr oa) + p]^(pr oa). 

From pro Adg = pr and R*a = Ad^-i a, it follows that i?*(proa) = proa. This, 
together with the relations p2 o R(g^h) = Rh°P2 and pi o R(g^h) = Rg °Pi implies 
that P2{woa) and pj(proa) are invariant under the G x G-action Given a 
smooth path 1 1— > {xt,yt) in r2, one also gets 

R(g, h)*m*{pi oa)(^j^{xt, yt) 

=(proa)(^|-xtc/yt/i|o) 

=(proa)(|xtyt/(3'*)/i|o) 

=(pr oa)(^Xiyi/(J^")/i|o) + (pr oa) (^xoyo5'"^^'^/i|o) 

While the first term of the R.H.S. is equal to m*(pr °ct)(^-§i{xt, yt) |o) since (pr oa) 

is G-invariant, the second term vanishes. Indeed, using a(^) = ^, ii^a = Ad/^-i oa 
and pr o Adg = pr, we obtain that 

(proa)(|xoyo/'(^')/i|o) = Pr (^5'^^^*^(/^'°^)"'lo) 

= pr(A(,K.o))^^(-)-^K..)(^.,,0)-i|^) 
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and the claim follows from (fTSl) . Hence R*^^ f^^m* {pr oa) = m*(proa). Therefore, 
pro9a is {G x G)-invariant. 

One also has 

pToda[i{xe'^,ye'%) =pr {a{iye'\) - a{ixeW + a{ixe\)) 

= pr ^r/ — a(^xye*^'^''(2')^e*''|Q) + 
= pi{r]-Ad-l^C-i] + 

= pr(e)-pr(Ad-^^)e) 
=0. 

Hence the 1-form pro^a € ri^(r2,^(5)) is basic with respect to the principal 
{G X G)-bundle fa ^Ta. 

(b) Clearly, one has i^(ai — aa) = and i2*(pro(ai — 02)) = pr 0(01 — q;2)- Thus 
pro(ai - 02) = (l)*A, where A G ^^{V, Z{g)). It follows that 

<P*{n^, -n^,) = pr {dial - Q2) + a(Qi - 02)) = di^*A) + ^((/.M) 

andl^^i =(iyl + a^eB3(r.,Z(0)). □ 

Remark 4.12. The Dixmier-Douady class DD(q) of a central G-extension identi- 
fies with a linear map Z{q)* H^{T) by composition with the canonical biduality 
homomorphism Z{g) — > Z{g)** . 

Remark 4.13. When the group G is abelian, then T/Z{G) = F, f = f and 
the projection map Q ^ Z{q) = q is the identity. In particular, when G = S^, 
the Dixmier-Douady class given by Proposition \4.11\ coincides with the Dixmier- 
Douady class defined in [7]. 

4.4 Main theorem 

Let r — > r =1 M be a G-central extension of Lie groupoids. According to Propo- 
sition HSJ we obtain a universal characteristic map CC$ : H^{[Z{G) — 1]) — > 
H^{T). According to [20], H^{[Z{G) 1]) is isomorphic to Z{g)* if G is com- 
pact. Thus we obtain a map CC$ : Z{q)* H^iT) which, by duality, defines 
the universal characteristic class CC$ € H^{T) (g) Z{q). 

The main theorem is 

Theorem 4.14. Let G be a compact connected Lie group. For any G-central ex- 
tension of Lie groupoids F — > F ^ M , the universal characteristic class coincides 
with the Dixmier-Douady class. 

4.5 The case of central .S^-extensions 

In this Section, as a preliminary step, we prove Theorem 14.141 for the group 
G = S\ 

Assume f F ^ M is a central 5^-extension. We consider the following four 
2-groupoids: 

A: F=^F^M B: txrt^t^M 

C : Z{G) D: f =^ M 
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The central extension determines the (generahzed) morphisms 



D 



At the nerve level, we get 



iV2(D 
f 



dp 



"o 



and 



iV2(A) 
\ 

r 



B 



df 



N2{B) 



"o 



iV2(C) 



/ 



where, according to Remark 14.31 

iV2(A) = rx4,ro,.r, N2{C) = Z{G), Af2(D)=fxt,ro,.f, 
iV2(B) = {(a,6,c) G f^|<^(a) = <j){h) and s(a) = = t(c)} 
<^ : iV2(B) ^ iV2(A) : (a,6,c) ^ (0(a), (/.(c)) 
/ : A^2(B) ^ N2{C) : (a, 6, c) ^ a^^ 



and the face maps are given by 

d^{a, c) = a 
d^{a, b,c) = a 
d^{a, c) = a 



di (a, c) = ac 
(a, b, c) = 6c 
dP(a, c) = oc 



(^2 (a, c) = c 
(i^(a, 6, c) = c 
d^(a, c) = c 



We will need one more map: 

pi3 ■■ A^2(B) ^ iV2(D) : (a,6,c) ^ (a,c) 

Lemma 4.15. One ftas 

df = d^opi3, df = dfopis, (17) 
anJ opi3(a,6,c) = /(a,6,c) ■ df (a,6,c), V(a, 6, c) € iV2(B). (18) 

Lemma 4.16. For any pseudo-connection 9 G ^^(r) on the central -extension 
f r ^ To, one has 

d^e + r{dt)=pUd^e) 

Here dt denotes the Maurer- Carton (or angular) form on . 



Proof. Since ^(^7 • c^^Iq) = 1 and 9 is S"^ -invariant, it follows from (fTSl) that 



Therefore, 



(d? opr,y9 = {dfy9 + f*dt 



d^9-pUd^9) ={d^y9-pUd^r9 

= - f*dt 



(19) 



by m 

by dig 



□ 



According to Proposition 14. Ill the connection 9 induces a cocycle € Z^^{A). 
Theorem 4.17. (p*[ng] = f*[dt] in H^{B) 
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Proof of Theorem \4-17\ By construction, the cocycle is the sum = rj + lv, 
where ^*{ri) = d^O and (/.*(cj) = (ioR^- 



d^e + d9 =p\.^{d^e) - f*{dt) + de by Lemma SH] 

=Ph{(t>*ri)-r{dt) + <p*io 

=cj,*{^ + u;)-f*{dt) □ 

Now, Theorem 14.141 in the case G = follows from Theorem 14.171 since CC^ = 
{(j)*)~^{f*{dt)) and DD(^) = [^g] (by Proposition HH]). 

4.6 Proof of Theorem 147141 

By [26] (see also Section [43ll . the central G-extension of Lie groupoids F — > F ^ 
M induces a central Z(G)-extension F' — j- T =^ M, where F' = q~^{a{r)). We 
recover F from F' by the formula F = (F' x G)/z{g)^ where the Z(G)-action on 
f' X G is given by (x, g) ■ z = {x ■ z''^ , z ■ g) for x e t' , g G G and z G Z{G). The 
natural inclusion r : F' — > F coincides with the map x i-^ [x, Iq] G (F' x G)/z{G)- 
Since G is compact, Z{q) is reductive and we have the Lie algebra morphism 
pr : 5 ^ Z{q). 

Lemma 4.18. Let a G r2^(r,0) be a connection 1-form on the right principal 
G-hundle F ^ F. Then a' := pr(r*(a)) G il^(r',Z(g)) is a connection 1-form for 
the right principal Z{G)-hundle V — > F. 

Proof. Since the inclusion r : F' F is Z(G)-equivariant, we have 
"'fe) = pr oa o n(?7^) = proa o (?7^(^.)) = pr(?7) = i] 
for all Tj G Z[q) and x G F'. Similarly, for any h G Z{G), we have 
Rl{a') = Rl{pi{T*{a))) = piRlT*{a)) = w'T*Rla = prrMd^-ia = a'. □ 

Since F' — > F =^ M is a Z(G)-central extension, by Lemma 14.181 and Proposi- 
tion HTTTl we have the Dixmier-Douady class DD^^/j G H^{T) ® Z{q). 

Proposition 4.19. One has DD(q,/) = DD(„). 

Proof. By Lemma [4.181 and Proposition I4.11i (b). we can use the 1-form a' to 
calculate the Dixmier-Douady class of F' — > F =| M . By construction we have a 
commutative diagram of groupoids morphisms 




According to Proposition 14.111 (a). the Dixmier-Douady class DD(q,) is the coho- 
mology class of the cocycle [Oa] defined by the identity 

Y>T{da + da) = (t)*{9.^). (20) 
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Composing (f2Ql) by r*, we get 

T*pr{da + da) = t>*(Oc,) 
pr {d + d)T*a = ^'*{na) 
{d + d) pr r*a = 

Therefore, by Proposition EH DD(„,) = [Qa] = DD(^). □ 

Since G is compact its center is the quotient {Zo{G) x C)/N , where Zq{G) is the 
connected component of 1g in Z{G) and C, N are finite. We fix an isomorphism of 
Lie groups Zq{G) = x ■ ■ ■ x (with n-factors). We thus obtain isomorphisms 
Z{q) ^ Mei e • • • © Ren and H^{[Z{G) 1]) ^ Rdh © • • • © Rdtn- Let pr^ : 
Z{q) — > Mej = 1 ... re) be the natural projection. 

Lemma 4.20. One has pr^ (CC$) = CC$(dti) m if^(r). 

Proof. Let (^i, . . . , be the dual basis of (ei, . . . , e„) in ^(fl)*. According to [20] . 
the generator dtj is the left invariant vector field € C — > 

1]) associated to ^j. The Lemma follows. □ 

Proposition 4.21. One has CC$ = DD^q,/) 

Proof. By linearity and Lemma [4.18l it is sufficient to prove that for alH = 1 . . . n, 
one has 

pr^ (DD(0)) = pr^ (CC$) = CC^{dti) (by Lemma |420|). (21) 
The proof of Eq. [2T] is similar to that of Theorem 14.171 □ 

Proof of Theorem \4-14[ By Proposition 14.191 and Proposition 14.211 we obtain 

CC$ = DD(q/) = DD(q,) 
and Theorem 14.141 follows. □ 
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